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Abstract 

The aim of this work is to give a pedagogical derivation of polarization observables for the 
annihilation reaction + e~ N + N . The reaction mechanism is one photon + two photon 
exchange, the last is described by axial parametrization. After deriving the general expressions 
for the cross section of a binary process, the matrix element is written in terms of three complex 
amplitudes. The method to derive polarization observables is detailed and all expressions are 
given in terms of generalized form factors. The strategy for determining physical form factors 
in annihilation reactions in presence of two photon exchange is suggested, on the basis of model 
independent properties of the relevant observables. 

PACS numbers: 



*Leave on absence from Department of Theoretical Physics, lOP, Slovak Academy of Sciences, Bratislava, 
Slovakia 

^Permanent address: NSC Kharkov Physical Technical Institute, 61108 Kharkov, Ukraine 

1 



Contents 



I. Introduction 

II. Differential cross section 

A. Definition of flux 

B. Phase space 

C. Calculation of the cross section 

III. Axial parametrization of the matrix element 

IV. Lepton and Hadron Tensors 

A. Lepton tensors 

1. The unpolarized lepton tensor : L|rj(0) 

2. The polarized lepton tensor : l']^}{S) 

3. The unpolarized lepton tensor : L'fil{{^) 

4. The polarized lepton tensor : L^^l{S) 

5. Lepton tensor summary 

B. Hadron tensors 

1. The unpolarized hadron tensor : Hj^J{0) 

2. The polarized hadron tensor : HjiJ{si) 

3. The unpolarized hadron tensor : if^*j(0) 

4. The polarized hadron tensor : h]^1{si) 

V. Differential cross section 

A. Unpolarized differential cross section 

1. 27 mechanism and the unpolarized cross section 

B. Single spin polarization observables, antiproton polarization Py 
1. 27 mechanism and the single spin polarization Py 

VI. Double spin polarization observables 

A. The component Px 

B. The component Pz 

VII. Spin correlations 



2 



A. Spin correlations: unpolarized electron beam 

B. Spin correlations: longitudinally polarized electron beam 
1. 27 mechanism and double spin polarization coefficients 



VIII. Conclusions |48 
IX. Aknowledgments |49 
References 49 



I. INTRODUCTION 

The reactions e^+p e^+p and the crossed channel e^ + e^ p+p and p+p —>■ e^ + e~ 
are studied since many decades, as they are considered the simplest reactions which contain 
information on the nucleon structure. 

Following the developments of the experimental possibilities: high intensity accelerators, 
polarized beams and targets, high resolution spectrometers, electron and hadron polarime- 
ters, it has been only recently possible to measure polarization observables in space-like 
region, and to measure the annihilation cross section in a wide kinematical range in the 
time-like region. The physics goal is a precise extraction of hadron form factors in the full 
kinematical region. Evidently a comprehension of the reaction mechanism, including precise 
radiative corrections is necessary. 

The aim of this work is to give a detailed description of a model independent formalism 
very well adapted to the extraction of cross section and polarization observables. The present 
results are focused on the reaction e"*" + e~ ^ p + p, as its experimental study is very actual. 

Model independent expressions and statements are derived for the interesting experimen- 
tal observables, when the reactions occur through the exchange of one and two photons. 

II. DIFFERENTIAL CROSS SECTION 

Let us define the cross section a for a binary process 

a{pi) + b{p2) c{ps) + d{pi), (1) 
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where the momenta of the particles are indicated in parenthesis. The cross section a char- 
acterizes the probabihty that a given process occurs. The number of final particles issued 
from a definite reaction is proportional to the number of incident particles Nb, the number 

of the target particles Nt and the constant of proportionality is the cross section: 

Np = aNe x Nt- (2) 

The cross section can be viewed as an 'effective area' over which the incident particle 
reacts. Therefore, its dimension is cm^, but more often barn (1 barn=10~^^ m^), or fm^ (1 
fm=10"^^ m). 

An useful quantity is the luminosity defined as £ = Nb [<s~^]iVr[cm~^]. For simple 
counting estimations, Nf — uL. This is an operative definition, which is used in experimental 
physics. 

On the other hand a needs to be calculated theoretically for every type of process. The 
present derivation is done in a relativistic approach. This means that 

1. The kinematics is relativistic; 

2. The matrix element A^, which contains the dynamics of the reaction is a relativistic 
invariant. In general it is function of kinematical variables, also relativistic M. — 
f(s,t,u); 

3. a has to be written in a relativistic invariant form; 

The starting point is the following expression for the cross section 

da = i^(27r)^5(^)(pi +^2-^3-^4)^7^, (3) 
which is composed by four terms: 

1. The matrix element A4, which contains the dynamics of the reaction, and it is calcu- 
lated following a model: 

2. The fiux of colliding particles J^; 

3. The phase space for the final particles, dV; 
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4. A term which insures the conservation of the four-momentum S^^\pi + P2 — Ps — Pa) 
which is the product of four 6 functions, because each component has to be conserved 
separately. 

Let us calculate in detail each term. 
A. Definition of flux 

The flux is defined through the relative velocity of incoming and target particles: 

I = nsnrVreh (4a) 



l = A^{pi-P2f-MlMl (4b) 

where Mi{M2) is the mass of the beam (target) particle, v^ei is the relative velocity between 
beam and target particles and the densities of the beam and target particles nB,nT are 
proportional to their energies as Ui = 2Ei. 

Let us prove that the two expressions ( Haj) and (14b I) are equivalent. It is more convenient 
to calculate X (Eq. H]) in the laboratory frame where the target is at rest: 

Pl = (^l,Pl), P2 = (M2,0), \Vrel\ = \Vl - = \^ ^ Ub = Ut = 2M2. (5) 



El 



Replacing the equalities ^ in Eq. (Ha|) : 



J = 2^i2M2^ = 4M2IP 



El 

and in Eq. (jib]) : 



{pi ■ P2) - MtM^ = M^Ef - MfM^ = M^{Ef - Mf) = M^\pi\\ ^ T = AM2\pi\ 

and the equalities (j4]) are proved. Moreover, we prove also that the flux does not depend on 
the reference frame, because it can be written in a Lorentz invariant form. 
Let us consider the center of mass system (CMS): 

pi = {El, k),p2 = {E2, -k), pi-p2 = E1E2 + = El - \k\\ Ml = El - 

and 

{pi ■ p2f - MlMl = ElEl + 2EiE2\k\^ + 1^1' - EIeI + \k\^{El + El) - |^|^ 

= \kWEi + E2f = \k\^W\ (6) 



The flux, T, can be written as 

I^A\k\W, (7) 
where W = Ei + E2 is the initial energy of the system in CMS. 

B. Phase space 

The phase space for a particle of energy E, mass M and four-momentum p (the number 
of states in the unit volume) can be written from quantum mechanics in an invariant form: 

where the 6 function insures that the particle is on mass shell and the step function Q{E) 
insures that only the solution with positive energy is taken into account. Note that the wave 
functions of all particles entering in the matrix element must be normalized to one particle 
per unit volume. In this case all these wave functions contain the factor 1 / -\/2£, where e is 
the particle energy. Usually these factors are explicitly taken into account in the expression 
for the cross section, we insert them into the phase space. 
Extracting the term which depends on energy: 

d^p dip" - M') = S^pdESiE'' -f-M^). 

and using the property of the S function 

(xi are the roots of f{x)), with f{E) ^E'^-f-M'^, and f'{E) = 2E one flnds: 

j dE5{E'-f-M^)Q{E)^^ 

For the considered reaction: 



{2T:f2E^{2T:f2Ei 
C. Calculation of the cross section 

The total cross section can be written as: 
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One can see that it corresponds to a six-fold differential, but four 5 functions are equivalent to 
four integrations. So finally, for a binary process one is left with two independent variables, 
{E,6) or For three particles, one has nine differentials, four integrations, i.e., five 

independent variables. 

The term S^^\pi + P2 — Ps — Pi) can be split into an energy and a space part: 5^'^\pi + 
P2-P3- Pa) = S{Ei + E2 - E3 - Ei)5^^\pi + P2 - Ps - Pa)- 

Note that 

J 5^'\pi + P2 - P3 - P4)d% = 1 (10) 

in any reference frame. 

Let us use spherical coordinates in CMS (^3 = {E^,p), p^ = {E4, —p), d^p = \p\^dQdp) and 
consider the quantity J': 

J = 5{E, + E2-E,- E,)^^ = 5{W -E,- E,)^-^^, (11) 

where 

El = Ml + \p\\ El = Ml + \p\^ EsdEs = E^dE^ = \p\dp. 
After integration, using the property ([8]): 

dE:i\p\dn \p\dn 1 



J = 6{W-E3~ E4) 



AE. 



^ (^W-E,-E,) 



dE- 
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(12) 



where 



d „ „ . . dE^ ^ E3 W 



^^^.(,y-E3-£.) = -l-^ = -l-^ = -- (13) 

and therefore 

^ AW ■ ^ ^ 

Substituting Eqs. (IZl [H]) in Eq. ([9]) we find the general expression for the differential 
cross section of a binary process, in CMS: 

da \M\^\p\ 



and for the total cross section: 



(15) 



a = I ^^^dn. (16) 
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e-(kj) ^ ^ 

Nip 2) 

FIG. 1: Annihilation e" + e+ ^ iV + iV in CMS system. 




In case of elastic scattering, \k\ = \p\, therefore: 



with the elastic amplitude JF^' 

For the annihilatic 
the electron, one has: 



\M\ 



J^'f (17) 



8nW 

For the annihilation reaction considered here, e"*" + e~ ^ + A^, neglecting the mass of 



W , , W 

— , \v\ = \/E'^ - M2 = E^l-M'^/E'^ = — 



and 

In ~ 64^' 

where (5 = \/l — AM'^/q^ and = s = {pi+ P2Y. 



(18) 



III. AXIAL PARAMETRIZATION OF THE MATRIX ELEMENT 



In presence of two photon exchange (TPE), the matrix element of the reaction e~{ki) + 
^^{^2) N{pi) + N{p2), can be parametrized by three complex amplitudes. In the present 
derivation we will use the following expression for the matrix element of this reaction, taking 
into account the TPE contribution. 



M = 



u{-k2)-ff,u{ki)u{p2) 



2m 



ui-Pi) 



+u{-k2)-fn-f5u{ki)u{p2)-ff^-f5u{-pi)A2j{q^,t) \, 



(19) 
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where m is nucleon mass, ki and ^2 are electron and positron four-momenta, pi and p2 are 
antinucleon and nucleon four-momenta, q is the four momentum of the virtual photon and t 
is the Mandelstam variable, the momentum transfer: q = ki + k2 = Pi +P2 and t = {ki — pi)^. 
The first two amplitudes contain the contributions of I7 27 exchange, whereas the third 
amplitude is fully induced by 27 exchange. A2^{q'^,t) can be parametrized in different but 
equivalent ways. Here we use the axial parametrization that describes the exchange of a l"*" 
particle. The spin and parity of the transition induced by TPE can be any, but the C-parity 
must be positive (whereas it is negative for I7 exchange). 

The three complex amplitudes, Fi 2(q'^,t) and A2-y(g^,t), which generally are functions 
of two independent kinematical variables, q^ and t, fully describe the spin structure of the 
matrix element for the reaction e"*" + e~ —>■ N + N - for any number of exchanged virtual 
photons, because they contain C-odd and C-even terms. 

This expression ( IT9|) holds under assumption of the P-invariance of the electromagnetic 
interaction and conservation of lepton helicity, which is correct for standard QED at the 
high energy, i.e., in zero electron mass limit. Note, however, that expression (|T9l) is one of 
the many equivalent representations of the e"*" + e~ — + iV reaction matrix element. 

In the Born (I7 exchange) approximation these amplitudes reduce to: 

Ff°™(g2,t) = F,iq'), Ff-(g^^) = ^2(9^), Af-(g^^) = 0, (20) 

where Fi{q^) and -^2(0'^) are the Dirac and Pauli nucleon electromagnetic form factors (FFs), 
respectively, and they are complex functions of the variable q^. The complexity of FFs arises 
from the final-state strong interaction of the produced A^iV— pair. In the following we use 
the standard magnetic G'j\/(q'^) and charge GE{q^) nucleon FFs which are related to FFs 
Fi(g^) and F2{q^) as follows 

Gm = Fi + F2, Ge = F^ + rF2, r = ^ > 0. (21) 

By analogy with these relations, let us introduce a linear combinations of the Fi 2{q'^,t) 
amplitudes which in the Born approximation correspond to the Sachs FFs Gm and Ge- 

GM{q\t) = F,{q\t) + F2{q\t), 

GE{q\t) = F,{q\t) + TF2{q\t). (22) 
The matrix element (fT9l) can be rewritten in terms of vector and axial electromagnetic 
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currents: 

-^ = -^(^^''^+^^"0, (23) 



where j/i" , j}!^ are vector and axial lepton currents and jj^ , are vector and axial nucleon 
currents: 



2 F2(g^t) 
Fi{q ,t)-/^ 2^'"''"^" 



it^ = w(-^2)7m75m(^i), = u{p2)-ff,-f5u{-pi)A2^{q^,t), = ^b^^,lu]■ (24) 

Then the differential cross section of the reaction e~ + iV + in CMS according to 
( IT8|) can be written as 

da a^(3 



'^'^(^ [t(v)tt(v) , r,T-,^^T(i) TT(i)\-\ „ 1 



where we neglected terms proportional to A^^ (since the amplitude is entirely due to 
the TPE contribution, which is of the order of a). The 'vector' (f) and 'interference' {i) 
leptonic/hadronic tensors are defined as 

riv) _ Av)Av)* T{i) _ Aa) -{v)* tt(v) _ j{v) j{v)* tj{{} _ j{a) j{v)* (c^r\ 

Note that the term proportional to the Dirac FF, Fi, in the expression for the nucleon vector 
current, \ fl2^ . is gauge invariant, when both particles {N,N) are on mass shell. The 
second term proportional to the Pauli FF, F2, is always gauge invariant: 

{(^f,uqu)qf, = ^(7m7i^ - iuiMy% = \{qq- qq) = O- 

It is possible to find other forms of the nucleon vector current J^^\ which are equivalent 
only for on-shell particles. In our case nucleons are the final particles, therefore they are 
on-shell. 

Let us show that for on-shell nucleons the expression for the 4""^ ([24]) can be simplified 
by using Dirac equations^ for particles (nucleon - P2) and antiparticles (antinucleon - pi) 

u{P2){P2 - m) =0 =^ u{p2)p2 = u{p2)m 
{pi + m)u{—pi) = ^ Piu{—pi) = —u{—pi)m 



^ It is correct only when nucleon and antinucleon are on mass shell (real particles), i.e., they satisfy the 
Dirac equation. 
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and the properties of Dirac matrices : {7^, •ju} = '^dfiu, where g^u is the metric tensor of the 
Minkowski spacetime, ab + ba = 2ab, a'^^ + 7^a = 2a^, where a and b are four vectors. 
Let us develop the term accompanying F2: 

= ^«(P2) b^^{Pl +P2) - {Pl+P2)l^ U{-Pl) 

= ^w(P2) [lf^{-m + P2) - ipi + m)7^] u{-pi) 



u{p2) [-2m7^ + (7^p2 - Pll^,)] u{-pi) 
u{p2) [-2m7^ + (2p2/. - P2l^l - 2pi^ + 7mPi)] u{-pi) 



2 
1 

2 

1_ 

-u{p2) [-4m7^ + 2{p2 - pi)fj\ u{-pi). 



(26) 



Replacing in the expression for \ Eq. fl2^ : 



2 

(Fi + ^2)7^ - — (P2 - Pi 



2m 



u{-pi) = u{p2) 



{Fi + F2)^,--P, 
m 



u[-Pi)^ 
(27) 

where P = {p2 — Pi)/2 and Fi, F2 can be substituted by generalized magnetic and charge 
nucleon FFs, Eq. 



GM{q^,thfM - 



GM{q\t)-GE{q',t) 



mil — t) 



P., 



u{-pi). 



(28) 



For simplicity, we will use in our calculations: 

Gm — Ge 
mil — t) 



G2 



(29) 



IV. LEPTON AND HADRON TENSORS 



We give a detailed derivation of the tensors, in particular of the lepton tensor and of the 
matrix components. 



A. Lepton tensors 

The calculation of the leptonic tensors leads to the calculation of a trace. Let us give the 
explicit derivation. From Eqs. fl24f25p . the expression for the 'vector part' of the leptonic 
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tensor is: 

= u{-hh,u{h) [u{-hh,u{h)Y . (30) 

Using the definition u{—k2) = ^^^(— A;2)74 = ^2)74 and the following properties of the 7 
matrices: 74 =74, (74) = {lA)ji, {lA)ki{lA)im = hm, the complex conjugated term can be 
written as 

[u{-k2)'^uu{ki)]* = [u*{-k2)-f4'juu{ki)]* = M(-A;2)7l7>*(^i)- (31) 
In component form (with spinor indices): 

Ui{-k2){^l)ij{^t)jkU*{kl)k = u{-k2)i{^4)ij{^t)jkhmU*{ki)m 

= u{-k2)i{'y4)ij{lt)jk{l4)kl{l4)lmU*{kl)m 
= U*^{ki){-f4)ml{l4)lk{ll)kj{74)jiUi{-k2) 

= u{ki)'j4-fl'j4u{-k2) = u{ki)^yu{-k2). 

Therefore 

[u{-k2)'^yu{ki)]* = u{ki)'y^u{-k2). (32) 

This result will be used all along the paper, with other terms between bispinors {•y^, 'julb, Pv)- 
Let us write the tensor ( |30l) in component form 

= Ui{-k2){'^^,)ijU{ki)jUa{ki){-iu)abUb{-k2) =Ub{-k2)Ui{-k2){j^)ijUj{ki)Ua{ki){j^)ab 

= {P2)bi{l^i)ij{pi)ja{lu)ab = Tr[u{-k2)u{-k2)^f,u{ki)u{ki)-ft,], (33) 

where we applied the property that a product of matrices is a matrix and the first and 
last indices coincide: TrA = J2b-^bb- The density matrices p = u{p)u{p) for polarized and 
unpolarized particles and antiparticles are given in the Table HI 





particle 


antiparticle 


unpolarized 


p + m 


p — m 


polarized 


(p + m)i(l - 75s) 


(p-m)i(l-75s) 



TABLE L The density matrices for polarized/unpolarized particles and antiparticles. 



The polarization four-vector s is related to the unit vector along polarization of the 
particle in its rest system, ^ by 



m 



m(m + E) 



(34) 
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Let us consider firstly unpolarized incoming positron and longitudinally polarized incom- 
ing electron. In this case the leptonic vector tensor, can be written as 



{k2 - me)^,^(ki + me)-(l - 75s)7i^ 



(35) 



and expanded as a sum over polarization states. 
1. The unpolarized lepton tensor : L^^u{0) 

Let us extract the part of the leptonic vector tensor which does not depend on polariza- 
tion: 



1 r 



rr(A;27^A;i7^) - m^Tr (7^,7,.) . 



Using the rules for calculating the traces of Dirac matrices : Tr^^ffi, — Ag^i, and 

QuaQvp ~ gapQixv) ouc finds: 

Lj^'j (0) = 2 {ki^k2fj, + kifj,k2u - kiMOt^v - mlg^,,) = -q^g/^u + 2 {ki^k2iu + ki^k2u) , (36) 



where we used the identity 

= (ki + k2f = kl + 2kik2 + kj = 2(m^ + fci/ca) ^ kik2 + ml = ^. 
The tensor describing unpolarized electrons is symmetric. 



(37) 



2. The polarized lepton tensor : L^^}, [S) 



For the polarized part of the lepton tensor one has 



1, 



-Tr 



{k2 - m^l^ki + me)75S7^ 



— -mp { Tr 



— Tr 



2mei (A;2/isz^) — 2mei {/ikisu) = 2mei (l-i'i^sq) , 



(38) 



where we used the notation 



Tr 757m7i.7p7<t = -4i£ 



—4i {iiupa) , 



and the properties of permutations of Dirac matrices. The Greek letters v,... are used 
for the non contracted indices of the antisymmetric tensor e^yp„. 
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One can check that the tensor L^^u{S) fl38|) has the following property, which follows from 
current conservation: 

as it is the product of an antisymmetric tensor {e^y„p) times a symmetric tensor qpq^. 

When the electron is longitudinally polarized || ki ^ ■ ki = \ki\ = E"^ — ml ^ E), 
the components of the polarization vector (Eq. [34|) become 

E ^ |A;ip \ E'^-ml \ ^E . , fci 



= — ; s = n 1 + - 

me \ me(me + E) 



e 1+ 



\ me{E + rrie 



^ — , i.e., Sp, = Ae — 



(39) 



where the helicity Ag takes the values = ±1 if ^ is parallel or antiparallel to ki. One can see 
that the longitudinally polarized part of 'vector' lepton tensor (138|) is not suppressed by the 
electron mass and it can be written as: 



Lg(S) = 2ae {fiuk.q). 



(40) 



Notice that the transversal component of the vector polarization remains unchanged and 
should be evaluated from fl38l). 



3. The unpolarized lepton tensor : L^^l{0) 



According to (Elj) and (ESJ) 

Lpl = u{-k2)ipi^u{ki) [u{-k2)iyu{ki)]* = u{-k2)ip'i^u{ki)u{ki)'-f^u{-k2), 



resp. 



^£ = Tr[u{-k2)u{-k2)ipi^u{ki)u{ki)-iJ^ 



Tr 



{k2 - me)7^75(fci + me)-{l - l5shu 



Again it can be divided to polarized and unpolarized part. For the unpolarized part 



L'^liO) = ^Tr [Ck2 - mehMki + rrieH 



-Tr 



lbk2lpki'^^ 



(41) 



(42) 



which can be expressed as 



-^Mri(O) = -{-4:i)ep^ayk2pkia = 2i {fiuk2ki) 



(43) 
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4- The polarized lepton tensor : L^ill{S) 



The polarized part of L^fll is written as: 



— I r 
2 

— Tr 
2 



{k2 - me)jf,j5{ki + me)j5SJ,, 



1 

where we used 75 = 1. Eq. fHil) can be simphfied to 



+ -Tr 
2 



{k2 - me)jf,kisj^ 



(44) 



' 2 



Tr{k2jf,s-fu) - Tr{'^jtis-i^) 



= -2me [k2^Su + k2,ySf, - k2 ■ sgf,u - kif,s,y + ki^s^ - ki ■ sg^,y] . 

In case of longitudinally polarized electron beam, with the help of Eq. (l39l) . this expression 
simplifies to: 



LJ;)(5) = Ae[gV^ - 2{k2^,ki^ + k2uki^,)]. 



(45) 



5. Lepton tensor summary 



The leptonic tensors for the case of longitudinally polarized electrons 



-^2 = -^'^dt^i^ + '2{kit,k2v + ki^k2f,) + 2iAe {f^i^kiq) 
Lf^ = 2i{ixuk2ki) + \e[q'^g^^ -2{ki^k2^ + ki^k2^)] 



(46) 



where Ag is the degree of the electron longitudinal polarization. We will consider that the 
lepton is fully polarized, i.e., |Ae| = 1, but it shows explicitly which part of the leptonic 
tensor depends on polarization of the incoming electron. 

B. Hadron tensors 



According to the definitions fl25|) and fl28l) . Hj^J can be expressed as 



= HP2) \Gm1, - G2P,] u{-pr) \u{p2) 



U{P2) GmI^i - G2Pf, 



u[-pi)u[-pi} 



G*m1u - G^Pu u{p2) 



Tr 



u{p2)u{p2) GMlf, - G2P^ u{-pi)u{-pi) Gljji, - GlPy 



(47) 
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Generally, taking into account the polarization states of the produced nucleon and antinu- 
cleon, the hadronic tensor can be written as the sum of three contributions 



(48) 



where the tensor if^,^(0) describes the production of unpolarized particles, the tensor Hf^y{si) 
describes the production of polarized nucleon or antinucleon and the tensor H^^{si,S2) 
corresponds to the production of both polarized particles {N and N). 

According to this notation and with the help of the expressions of the density matrices 
from Table [H Eq. (H7|) can be written as: 



(49) 

which can be considered as a sum of polarized and unpolarized parts (similarly to the leptonic 
tensor), is the polarization four- vector of the antinucleon. 



1. The unpolarized hadron tensor : H^^J (0) 

The unpolarized part of Hj^) can be extracted from ( H9 
1 



-Tr 



{p2 + m) [GMlfi - G2P^j {pi - m) {G*M^,y - G^Py ^ 

GMG*MTr{p2j^Piju) + mGMG*2PuTr{p2'^^,) + G2GlP^PyTr{p2Pi) 
+mG*MG2P^iTr{p2'^u) - mGMGlPyTr{-if,pi) - w?G MG\iTr{'^ ^'^y) 
-mGl,G2P^Tr{pi^,) - m^G2G;P^P,Tri 

where we omit the terms containing an odd number of 7 matrices, since their trace vanishes, 
and further simplify as: 

+P^Pu{\G2\\pm - m') + AmReGMG;) 



Now we can apply following identities 



P1P2 + m 



^ - ^ ; P1P2 -m^ = 2m^(r - 1) ; pi^P2u + PiuP2f, = - '^P^,Pu (50) 



to obtain 



H^J{Q) = H,~g^, + H2P^P., 
16 



(51) 



where Qf.^, = g^u - q^iQu/q^ and 



Hi 
H2 



4 



m'\G,?{T-l] 



The formula for H2 can be rewritten in terms of Gm and Ge 

4 



Ho 



r - 1 



(52) 



(53) 



2. The polarized hadron tensor : H^J [sij 

The polarized part of H^^J (also from 
1 



-Tr 



{P2 + m) GmI,, - G2Pf, ipi - m)75Si G^-f,, - G^P^ 



Tr{p2GMlf,PilbhG*2Py) + rr(p2G'M7^m75SiG^7i. 



+Tr{p2G2Pt,pil^SiGM-i^) - Tr{mGMlf,Pi75SiG*M-fu) 
1 
2 



GMGlPyTr{-i^p2'^f,piSi) + "^|GAf|^Tr(75P27M-5i7i^ 



+G*MG2Pf,Tr{-f5p2piSilu) - m\GM\^Tr{-fr,-ff,piSilu 



can be simplified 



2i 



GuG^Py (p2/iPiSi) +m|G'Mr((m'Sii^) - (P2/iSiz/)) 



2i 



{GmGI)*P^ {yp2PiSi) - GmGIPu {fip2PiSi) + m\GM\'^ ifJ'^qsi) 



or alternatively in terms of Gm and G^; 

2 



(r - 1)|Gm| il^i^qsi) 



m{T — 1) 

+iRe{G m{G E - GmT){P^i {i^P2PiSi) - Pu (mPi^i)) 
+Im{GMGE){P^ {VP2P1S1) + Py {^P2PiSi)) , 



(54) 



where we used Jm|Gj\,fP = and identity 

Re{A)iP^Q, - P,Q,,) - iIm{A){P^Q, + P,Q^) = A*P^Q, - AP^Q^, 

which can be easily proved. Notice, that the first 2 terms in equation (15^ are antisymmetric 
and the third (last) term is symmetric with respect to the exchange n ^ u. 
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3. The unpolarized hadron tensor : H^},{Q) 



Using the definitions fl25l) and 



Tr 



{p2 + m)7^75A2^(pi - m)-(l - ^5Si){G*m^u ~ GIP^) 



which gives for the unpolarized part 



—Tr 
2 

1 



(55) 



(56) 



4- The polarized hadron tensor : H^},{si) 



The polarized part of H^^l follows from Eq. fl55l) 



— Tr 
2 

1 



-A 



27 



{p2 + "^)7M75^27(Pl - "^)75Si(G;^7^ - G^Py 
Tr[{p2 + m)'-f^msi{Gl^'^y - G^P^)] 



+Tr[{p2 + m)-i^piSi{GM-iu - GlPy)] 



1 , 

2^27 



'^G;P,Tr[7^Si]+mG^Tr[p 



(57) 



and by applying the rules for calculating the traces we get 



2A 



27 



- m Gt,PySi^ - G2Puip2fj.P1 ■ si + pi^,p2 ■ si-pi- p2Si^,) 



-mGlj{p2f,Si^ + P2ySi^ - p2 ■ sig^y + pi^Si^ - PiySi^ + pi ■ Sig^^) 



(58) 



where 

si -pi = ; si-p2 = Si- 

while Si^ is polarization four- vector of the antinucleon. Using Eq. (!50l) . expression (!58l) can 
be simplified to 



H^lisi) = 2A2^ Wm^T - l)GlPySi^, - G^P^pi^Si ■ q - niGljq ■ Sig^,^ 



+mG*j^{p2f,Siu + P2vSlf, + Plf^Siy - PluS 



ifji) 



(59) 
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which can be rewritten in terms of the generahzed Sachs FFs as 

= mA2^ \-2q- SrG\,g^, - Ij''' (Gm - GeYpi.P, (60) 
+ {Gm + Ge)*{si^P2u + siyp2^,) + {Gm - Ge)*{si^Piu + si^pi^,) 
- {Gm + Ge)*{si^,Piu - siypi^) - {Gm - GEy{si^P2u - Si^p2^,) 

where we can distinguish two antisymmetric terms, three symmetric terms and the term 
proportional to pi^,Py {2pi^P^ = pi^P^ + pi^P^ + pi^P^ - pi^P^). 

V. DIFFERENTIAL CROSS SECTION 

The differential cross section can be written as the sum of unpolarized and polarized 
terms, corresponding to the different polarization states and polarization direction of the 
incident and scattered particles. In our case we consider just polarization of the outgo- 
ing antinucleon and longitudinal polarization of the incoming electron (with the degree of 
polarization Ag). 

'^'^ [1 + Py^y + XeP.^. + XePz^z] • (61) 



A. Unpolarized differential cross section 

The unpolarized differential cross section can be written as 

^ = \Li:^mj^{0) + 2Re{L^{0)H;!l{0))] = ^D, 



where /? = yl — Am? /q^ is nucleon velocity in CMS and 

D = J, KK0)Hl:J{0) + 2i?e(L»(0)i/»(0))] . (62) 
Let us calculate the first term of D. According to Eqs. fl36|) and fl5T|) 

+4H2{h-P){k2-P), (63) 
where ki ■ k2 = ki ■ q = k2 ■ q = and 
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where E'^ = and 



m 



Let us define a coordinate frame in CMS of tlie reaction + ^ + iV in such a way 
that the z axis is directed along the three-momentum of the antinucleon (pi). Therefore, 
the components of four-momenta can be written as 

Pi = {E,0,0,\pi\) ; ki = {E,-\ki\ sin 6,0, \ki\ cose) 
P2 = iE,0,0,-\p,\) ; k2 = iE,\ki\ sine, 0,-\h\ cose) 

q={2E, 0,0,0) ; P = (0, 0, 0, -Ipil), (65) 



where \ki\ = E = \p\\ = \JE'^ — = m^/T — 1 and e is the angle between electron 

and detected antinucleon momenta. These identities and definitions lead to 



Lg(0)i/£)(0) = 2g^|GMp + 4mV(|Gi,r-r|G 



M 



16 



\\GE?-r\GMf)M^\Vifcos^e 



\Gm? + -\Ge\^ --{\Ge\^- AGm?) cos^ e 

T ~ 



1 

r 



\G 



M\ 



'1 + cos' 



1 , ^ 



IGijI'sin^^ 



The second term of D can be written according to Eqs. (H3|) and (!56|) as 

^2(0)i^ii)(0) = li^ixvk^k^) ^2iA2,G\,^\^^V2Vi) . 
which can be written as (see appendix) 

^J2(0)^^«(0) = -4A2,G;,2((fc2-Pi)(fci-P2)-(A;2-P2)(fci-Pi)) 

- \/r(r- 1) cos 



Finally we get the following expression for D 

D = |G'm|'(1 + cos2e) + -\Ge\^ sinH- - 



t{t -1) cos eUeGMAl 



(66) 



27- 



(67) 



(68) 



1. 27 mechanism and the unpolarized cross section 



To separate the effects due to the Born and TPE contributions, let us single out the 
dominant contribution and define the following decompositions of the amplitudes 



GMiq^t) = GM{q^) + ^GM{q\t), 
GE{q\t) = GE{q^) + ^GE{q\t). 



(69) 
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AG'm(?^,^), ^GE{q^,t), and ^27(5^,^) are of the order of ~ a, while Guiq^) and GE{q^) 
are of the order of ~ a'^. 

Symmetry properties of the amphtudes with respect to the cos 6 ^ — cos 6 transformation 
can be derived in model independent way, from the C invariance of the I7 (g> 27 mechanism. 

To prove this, let us consider, in addition to C-invariance, crossing symmetry, which allows 
to connect the matrix elements for the cross-channels: e~{ki) + N{pi) e~(/c2) + N{p2), in 
s-channel, and e"*" + e~ — > A'^ + A^, in t-channel. The transformation from s- to t-channel 
can be realized by the following substitution: 

h -k2, Pi -pi- 

and for the invariant variables: 

s={h+ p^f ^ (fci - = -{h - k2f ^-{ki + k2f = -t. 

Crossing symmetry states that the same three amplitudes Ge{s,Q'^), Gm(s,Q^) and 
^27 ("5, Q^) describe the two channels, when the variables s and scan the physical region 
of the corresponding channels. So, if t > 4m^ and —1 < cos^ < 1 is the angle of 
the proton production with respect to the electron three-momentum, in the center of mass 
(CMS) for e+ + e~ ^ N + N), the amplitudes (^^(i, cos 61), Gm(^,cos6'), and A2j(t,cose), 
describe the process e'^ + e~ p + p. 

The C-invariance of the electromagnetic hadron interaction and the corresponding selec- 
tion rules can be applied to the annihilation channel and this allows to find specific properties 
for one and two photon exchanges. Moreover, on the basis of the crossing symmetry, it is 
possible to transform in a transparent way these properties for the different observables in 
eA'"-elastic scattering. 

To illustrate this, let us consider firstly the one-photon mechanism for e'^ + e~ p + p. 
The conservation of the total angular momentum allows one value, — 1 , and the 
quantum numbers of the photon: = 1~, C = —1. The selection rules with respect to 
the C and P-invariance allow two states for e+e~ (and pp): 

S^l, £ = and = 1, e^2 with = 1", (70) 

where S is the total spin and £ is the orbital angular momentum. As a result the 9- 
dependence of the cross section for e'^ + e~ p + p, in the one- photon exchange mechanism 
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is: 

^(e+ + ^ p + p) ^ a{t) + b{t) cos^ 9, (71) 

where a{t) and b(t) are definite quadratic contributions of GEpit) and Gupit), ait), b(t) > 
at t > 4m^. 

Using tlie kinematical relations: 

2 1 + e cot2^ 

cos = = h 1 (72) 

1 - e 1 + r ^ ^ 

between tlie variables in the CMS of e"*" + e~ ^ p + p and in the LAB system for + p — >■ 
e~ + p, it appears clearly that the one-photon mechanism generates a linear e-dependence 
(or cot^0e/2) of the Rosenbluth differential cross section for elastic eA^-scattering in Lab 
system. 

Let us consider now the cos 6'-dependence of the I7 27-interference contribution to the 
differential cross section of e"*" + p + p. The spin and parity of the 27-states is not 

fixed, in general, but only a positive value of C-parity, C(27) = +1, is allowed. An infinite 
number of states with different quantum numbers can contribute, and their relative role is 
determined by the dynamics of the process 7* + 7* ^ p + p, with both virtual photons. 

But the cos ^-dependence of the contribution to the differential cross section for the 
I7 (3) 27-interference can be predicted on the basis of its C-odd nature: 

— — -(e+ + e- ^p + p) = cos 0[co(t) + ci(t)cos2 + C2(t)cos^^ + ...], (73) 

where Cj(t), i = 0,1.. are real coefficients, which are functions of t, only. This odd cos^- 
dependence is essentially different from the even cos ^-dependence of the cross section for 
the one-photon approximation. It is therefore incorrect to approximate the interference 
contribution to the differential cross section fl73|) by a linear function in cos^ 6, because 
it is in contradiction with the C-invariance of hadronic electromagnetic interaction. Such 
approximation can be done only when all coefficients Q(t) vanish, i.e. in absence of I7 (3) 27- 
interference! 

Therefore C-invariance predict the following symmetry of the two-photon contribution 
to the amplitudes in e'^e~ annihilation: 

AGmM^osO) = - AG m^e{- cos 6), A2^{cose) = A2^{-cos6). (74) 
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Let us consider the situation when the experimental apparatus does not distinguish the 
nucleon from the antinucleon. Then we measure the following sum of the differential cross 
sections 

da+ da da 

We can stress, using the properties fITil) . that this quantity does not depend on the TPE 
terms. 

Note also that the TPE terms do not contribute to the total cross section of the reaction 
e"*" + e~ — iV + iV, which can be written as 



, 2n 4:71 a'^P 

) = 



1 



GMiqT + ^\GEiq 



2m2 



(75) 



On the other hand, the relative contribution of TPE mechanism is enhanced in the following 
angular asymmetry 



a{q^,9o) - a{q^,7i- Oq 



(76) 



a{q^,eo) + a{q\7r-eoy 
where the quantities cr(g^, Oq) and cr(g^, tt — 6*0) are defined as follows 

a{q\e,) = ^{q\e)dn, aiq\n-eo) = £ ^ ^iQ^o)dn. 

Using the symmetry relations (17^ one can obtain for the asymmetry A2f{q'^, 60) the following 
expression 



A2^{q\0o) 



da 

dcosO 



1 + cos^ e)ReGM{q^)^G*M{q^, cost 
ReGE{q^)AG*E{q\ cos 6) 



^/t{t -1) cose RcGm (q ) A* {q\ cos 6) 

T 



(77) 



where the quantity d is 



{A + xo + xI)\Gm\^ + -{2 - xo - xI)\Ge\ 



Xo = COS 60 . 



The TPE contributions can be removed considering the sum of the quantities cr(g^, ^0) 
and o"(g^, — 9q). As a result we have 

„2 



nq\do) = a{q\9,) + a{q\T^-e^ 



ira 



q' 



(3d 



(78) 



always neglecting the terms of the order of with respect to the leading ones. 
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B. Single spin polarization observables, antiproton polarization Pj 



Py is a single-spin polarization observable, which appears in the Born approximation in the 
e~+e+ N+N process with one polarized particle - the antinucleon (iV), which is polarized 
along the y-axis. It is shown below, that this observable doesn't depend on polarization of 
electron. Polarization of antinucleon along y-axis means, that its polarization unit vector ^ 
has only y-component = (0, 1,0)). This leads to following properties of antinucleon siy 

Pi ■ e = ^ sio = ; Sly = e = (0, 1, 0). (79) 
The general expression for Py is 

Py = ^ lLi^H;:^M + ^Re{L^H^{siy))] 

= K}H(;J{siy) + 2Re{L^lH^;^{siy))] , (80) 
which can be divided into two parts - with unpolarized electron and with polarized electron 
Py = -^,p;mHt:Ksiy)+me{L%m^l{si^^^^ 

+ [L^^{S)H^;:Xsiy) + 2Re{L^^{S)Hf,{siy))\ . 

Firstly we will prove that longitudinally polarized electron doesn't contribute to the 
polarization observable Py. The first term of the polarized electron part equals fHOl) . fl54 
for Ae = 1: 

LiKS)H;^Jisiy) = 2i {^^vkiq) X _ [im\r - 1)\Gm? (/i^g^i,) 

+iRe{GM{GE - G'm)*)(^^ {vp2PiSiy) - Py (mPi-Siiy)) 

+Im{GMG*E){Pfi {l^P2PlSly) + Pu {fJ'P2PlSly)) 

The lepton tensor is antisymmetric, therefore its product with the third (symmetric) part 
of the hadron tensor vanishes. The first product is proportional to 

(fiukiq) X {fiuqsiy) = 2{ki ■ Siy - ki ■ q Siy ■ g) = 0, (81) 

where we used (l65l 1791) ki.siy = siy.q = 0. The second product is proportional to 

{^ivkiq) X (P^ {vp2PiSiy) - Py {fJ'P2PiSiy)) = -2 (yPkiq) {vp2PiSiy) 

= -2[P ■ p2{ki ■ Sly q ■ pi - ki ■ pi q ■ Siy) + P ■ Pi{ki ■ p2 q ■ Siy - ki ■ Siy q ■ P2) 
+P ■ siy{ki ■ Pi q ■ P2 - ki ■ p2 q ■ pi)] = 0, (82) 
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where again Eqs. (l65l [79]) was used {P ■ siy = q ■ siy = ki ■ siy = 0). 
The second term of the polarized electron part of Py f H5|) . fl60l) 



xmA2j 



2q ■ siyG*j^g^u ^ — ^{Gm — GeYpii^iPu 



m?(l — r) 

+ {Gm + GE)*{Sly^P2u + SlyyP2^l) + (G M " G eY {S ly ly + Sly,,Pl^) 

-{Gm + - Sij^i^pi^) - {Gm - GEy{siy^p2u - 51^1.^2^) 

where taking into account that g ■ Sij^ = and that the product of a symmetric tensor (L 
and an antisymmetric tensor is zero leads to 



= 2gW2^ \{Gm + GEYsiy ■ p2 + {Gm - GeYsiv ■ Pi 



-4mA2^{{GM + GEY{k2 ■ siy ki ■ p2 + ki ■ siy k2 ■ P2) 
+ {Gm - GEYih-Siy ki-pi + ki- Sly k2 ■ pi)) = 0, 



(83) 



while k2 ■ Sly = ki ■ siy = pi ■ Siy = p2 ■ Su 



0. 



Therefore, the polarization observable Py depends only on the unpolarized part 
Py = ;^KJ(0)i^i"jK) + 2i?e(L»(0)i/»(.g)]. 



(84) 



With the help of Eqs. fl36| 1541) . the first term is equal to 



L'i:K0)H;Z\siy) 



[ - <l'^9fii^ + 2 {kii,k2^, + ki^k2u) ] 
2 



X ■ 



im 



■(r-l)|GAf| {jj^uqsiy) 



m[T — 1] 

+iRe{GM{GE - GMY)iPf^ {yp2PiSiy) - Pu (mPi-^ij/)) 
+Im{GMG*E)iPi, {vp2PiSiy) + Py (mPi-Siy)) • 



As L;rj(o) is a symmetric tensor it gives non-zero product only with the last (symmetric) 
'Is/) 



part of hI''J{si 



L^KmSisiy 



[ - (fgfiu + 2 {kiyk2f, + ki^,k2y) ] 

^ m{T - 1) [^^(^mG%){P^ {l^P2PlSly) + Pu {fJ'P2PlSly)) 

2Im{GMG*E 



[-g^ {p2P2PlSly) + q^ {PlP2PlSly) 



m{T — 1) 

+ Aki-P {k2P2PiSiy) +4:k2- P {kiP2PiSiy)] 
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where {p2P2PiSiy) = {piP2PiSiy) = 0, because they are antisymmetric with two equal com- 
ponents. 

The computation of {k2P2PiSiy) and {kiP2PiSiy) is more comphcated and for the first time 
we will make it in detail. Let us recall the definition of 

{k2P2PlSl) = e^,^pak2^P2uPlpSlya, f^, ^, P, CT = 0...3. (85) 

We get non-zero result only if indices fi, u, p, a are different from each other (due to antisym- 
metric e-tensor property) and components ^2/^,^21/, Pip, siya are non-zero for the given index. 
Notice, that in case of Py polarization four- vector Sij^ has only one (y) non-zero component 
fl79|) . so in the equation fl85|) a = 2. On the other hand four-momentum k2 is the only 
one with non-zero x-component and therefore fi = 1. At last pi and p2 have two nonzero 
components, what leads into (with £1230 = 1) 

£lup2k2xP2uPlpSlyy = — £l032^2xP20Pl2 " ^1302^2x^22^10 

= k2xP2oPiz - k2xP2zPw = 2E\ki\\pi\ sin 6* 

= —m\jT — 1 sin^. (86) 

For the {kiP2PiSiy) we obtain a similar result 



g2 

ikiP2PiSiy) = -—m\Jr - 1 sin 6* 



and according to Eq. (1^ ki ■ P = —k2 ■ P = m^^Tir — 1) cos0, which all together give a 
result 

^ ^ m[T — Ij 

= Sm^q^Im{GMGE)y/Tsine cose. (87) 



-2q ■ SiyG\.jg^u — ~^Y~:^^^^"^ ~ GeYpipPu 



With the help of Eqs. (H3l 1601) . the second term of Eq. (JH^ is equal to 
^2(0)i^it^(sij,) = 2i{pvk2k^)mA2^ 

+ {Gm + GEy{SlypP2u + SlyyP2p) + {Gm - GEy{Slyf,Plu + SlyyPlf,) 

- [Gm + GEY^siypPiu - siyypi^) - {Gm - GE)*{siy^p2u - SlyuP2p) 
where q ■ Siy = and the product of the antisymmetric L^pl{0) with the symmetric parts of 
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Hji}{siy) vanishes: 



= -2imA2-y {fiuk2ki) {Gm + GETisiy^piu - siy^pi^) + {Cm - GE)*{siy^P2u - siyuP2^i) 



-4imA 



27 



G*M{{siyPik2ki) + {siyP2k2ki)) + G*E{{siyPik2ki) - {siyP2k2ki)) 



and 



Therefore 



{siyPik2ki) + {siyP2k2ki) = {siyqk2ki) = 
{siyPik2ki) - {siyP2k2ki) = -2 {siyPk2ki) . 



L^mj^is,y) = 8zmA2,G%{s,yPk2k,) 



where (similar to previous derivation) 



^21,iivSyyPzk2iikiy — — £230l(~|Pl|)^20^1x ~ ^231o(~|Pl|)^2xfclO 



2m^r vr^-T sin 0. 



So the second term of Eq. flMl) is 



L%{^)H^l{sry) = mm^A2^G*ErV^^^^^0 



and finally for Pj^ dHZl EHD we get 



P, 



2sin0 
2 sine 



Im{GMGE) cos 9 + \ j- — '^-Re[iA2^fGE] 



Im{GMG*E) cose + ^/^JiIm[A;^GE] 



(88) 



(89) 



L 

The polarization of the outgoing antinucleon in this case is determined by the polarization 
component which is perpendicular to the reaction plane. 



1. 27 mechanism and the single spin polarization Py 

The polarization Py, being T-odd quantity, does not vanish even in the one-photon- 
exchange approximation due to the complexity of the nucleon FFs in the TL region (to say 
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more exactly, due to the non-zero difference of the phases of these FFs) . This is principal 
difference with the elastic electron-nucleon scattering. 

In the Born approximation this polarization becomes equal to zero at the scattering angle 
9 = QO*' (as well ai 9 = and 180"). The presence of the TPE contributions leads to a 
non-zero value of the polarization at this angle and it is determined by a simple expression 



Here the function A2'y is also calculated at the value 9 — 90°. This quantity expected to 
be small due to the fact that it is determined by the interference of the one-photon and 
two-photon exchange amplitudes and should be of the order of a. The measurement of this 
polarization at ^ = 90° contains information about the TPE contribution and its behavior 
as a function of q^. 

In the threshold region we can conclude that in the Born approximation this polariza- 
tion vanishes, due to the relation Ge — Gm which is valid at the threshold. The TPE 
contributions induces a non zero polarization, which is determined by a simple formula 

(^) = ^-^IrnGj^iAGE - AGm)*. 

Note that, at threshold, this polarization can still vanish if AGe — AGm- In this case the 
differential cross section does not contain any explicit dependence on the angular variable 9. 
In the general case, the amplitudes AGe,m depend on the 9 variable. The effect of the TPE 
contributions for the polarization at an arbitrary scattering angle is expected to increase as 
q^ increase, as the TPE amplitudes decrease more slowly with q^ in comparison with the 
nucleon FFs. 

Using the properties of the TPE amphtudes with respect to the cos ^ — > — cos 9 transfor- 
mation, one can remove the contributions of the TPE effects by constructing the following 
quantities. Let us introduce the terms Py{q^,9Q) and Py{q^,-K — 9q), which are integrals 
of the polarization Py{q^,9) over the angular regions connected by the above mentioned 
transformation 

Py{q', 9o) = / Py{q', 9)dQ, Py{q\ tt - ^o) = / Py{q\ 9)dQ. 
Jo J-K-Oo 

Let us calculate the sum and the difference of these two quantities. At the first order of the 
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coupling constant a, we obtain 



Py{q\e^)-Py{q\T,-e,) = 



MR , R? , 



where 



R 



1 

z H —In 



(90) 



and bu^^E) is the phase of the complex FF Gm{Ge)- We can see that, in this approximation, 
the quantity does not depend on the TPE contribution. So, the phase difference of FFs 
can be correctly determined from this quantity, if the ratio R is known. 

Let us consider the ratio of the function S(g^,6'o), Eq. fl78l) . calculated at two values of 



ei) _l-xi 4 + xi + X? + i(2 - a;i - xl)R^ 



Xi 



COS i 



1,2 



E(g2,^2) 1-X2 A + X2 + xl + ^{2-X2~xl)R^' 
This ratio allows to determine i?, minimizing systematic errors. 

The magnitude of the TPE contribution to the polarization Py, integrated over the con- 
sidered angular region, can be obtained from the sum of the quantities introduced above 



Py{q\e^) + Py{q\'R-e^ 
sine 



—= I dcos9— — 
^/T Jo Db 



D 



B 



COS eim{GM^GE - Ge^G*j^] 



1 + cos^ e)ReGMAG*M + RcGe^G^ 

T 



T 



ImGEA* + 4——ImGMG*EReGMA*j^ 



(91) 



where 



Db = {I + cos^ e)\GM? + 



2mir. 12 , sin^^ 2 
— \'^e\ ■ 



VI. DOUBLE SPIN POLARIZATION OBSERVABLES 
A. The component 

Px is a double-spin polarization observable: the polarization of the incoming electron is 
necessary, in order to obtain a polarization of the outgoing antinucleon along the x-axis. 
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The definition of tlie polarization observable Px is similar to Py (IHOl) 

P^ = ^, P^H^Ksi.) + 2i?e(L«i7«(.i.))] , (92) 

where, according to definition the four- vector si^ is 

^= (1, 0, 0) ^ = ; Six = (1, 0, 0). (93) 

For the derivation of P^ we can use the same arguments as for Py, with the following 
specificities: 

• ki, k2 are not perpendicular to Si^ and ki ■ Si^ = —k2 ■ Si^ = \ki\ sin 6*. 

• the fully contracted terms (....), which contain only s, ki, k2, pi, P2, q, P are vanishing, 
because these four- vectors have zero y-component. 

The first property can be used in steps (EH [H21 ESI) and, as a consequence, the polarized 
electron part of Px is not vanishing. The second property can be used in the derivation 
of unpolarized electron part of Px, where similarly to Py, the only 'non-zero' terms are 
proportional to (....) terms, which are zero for Px- Therefore unpolarized electron process 
doesn't contribute to Px- 

Let us repeat steps (IHTl [82]) for Px 

{^ifkiq) X {fiuqsix) = 2{ki ■ Six - ki ■ q Six ■ q) = 2ki ■ Six = ^m^/rq^ sm.9, 

where Six ■ q = 0. And 

(/iZ/fcig) X (P^ {l^P2PlSlx) - Py {fJ'P2PlSlx)) = -2 [P ■ ^2(^1 ' Six q ■ Pi - ki ■ pi q ■ Six) 

+P ■ pi{ki ■ P2 q ■ Six - ki ■ Six q-p2) + P ■ Six{ki ■ Pi q ■ P2 - h ■ p2 q ■ Pi)] 
= 2[P ■ pi ki ■ Six q ■ P2 - P ■ P2 ki ■ Six q ■ Pi] = 2gW(r - l)^/Tsm 6, 

where Six ■ q = six ■ P = 0. These differences lead to 

Li:KS)Hj:){six) = -8m\'V^sm9[\GM\' + Re{GM{GE - GmY)] 

= -8m\^^ sin 6 Re{GMGE) (94) 
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And step ([83 



Ix 



2q'^mA2y{{GM + GeYsix ■ P2 + {Gm - GeYsix ■ Pi) 
-AmA2^ [{Gm + GEY{k2 ■ si^ h ■ p2 + h ■ si^ ^2 ■ P2] 
+ {Gm - GeY^^ ■ Six h-pi + ki- Six h ■ pi) 
- 4:mA2-y [{Gm + GeY^i ■ Si^ P2 ■ {h - h 
+ {Gm - GeY^i ■ Six Pi ■ {h - ki] 
V6m^T\/ r — 1 cos Q sin 6*^427^^. 



The results (l94l [95]) lead to final formula for 



P.. 



2sin^ 



Re{GMG*j,) - 



T- 1 



r 



co^dRe{A2^G\) 



(95) 



(96) 



B. The component 



Pz is the polarization of the outgoing antinucleon along the z-axis. It is a double spin 
polarization observable, induced by the polarization of incoming electron. The definition of 
Pz is (similarly to Py): 

1 



P. 



K<.^(^i.)+2i?e(L(:)i/«(.i,))] 



where Si^ is the polarization four-vector with components (similar to longitudinal polariza- 
tion of electron, Eq. ( l39l) ) 

(97) 



e = (0, 0, 1) ^ = — = ; siz = (0, 0, -) = (0, 0, v^). 



m m 
As we can see Si^ doesn't have y-component, what implies (similar as for P^) that the 
unpolarized electron part doesn't contribute to P^ 



P^ = ^, [L^;KS)HjZ\siz) + 2Re{Lf^{S)H(;;>{siz))] 



(98) 



The first part of Eq. fl98l) comes from Eqs. fHOj E 

L^:XsM"J{su) = 2z{fiukiq) ^ 



im^{T - 1)\Gm\'^ ifJ'i^qsiz) 



m{T — 1^ 

+iRe{GM{GE - GMY){Pf^ {i^P2PiSiz) - Pu (mPiSu)) 

+Im{GMG*E){Pfi {l'P2PlSlz) + Pu {^■P2PlSlz)) , 
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where antisymmetric leptonic tensor gives vanish with symmetric parts of hadronic tensor 

2 



im (r - 1)|Gm| (/xz/gsi^) 



^"""^ ' M^^v"-^ m(r-l) 

+iRe{GM{GE - GMy){P„ {jyp2PiSiz) - Py (mPis^))], (99) 



where 



{jiukiq) X {jiuqsiz) = 2{ki ■ Siz — q ■ Siz ki ■ q) = —2mq'^T cosO 



(100) 



and 



{^ukiq) X (P^ {yp2PiSiz) - Pu {fJ'P2PiSiz)) = -2 {fiPkiq) x {fip2PiSiz) 
= -2[P ■ p2{ki ■ siz q ■ pi - ki ■ pi q ■ Su) + P ■ Pi{ki ■ P2 q ■ Siz - h ■ Siz q ■ P2) 
+ P ■ Siz{ki-pi q- p2-ki-p2 q- Pi)] = 0, (101) 



where we used notations (l65l) and (p7I) . Now we can use Eqs. fllOO[ IIOII) in Eq. ([99 

L';^HS)HS{s,z) = 2q'\GM\'.cose 



The second part of (p8|) is according to (l45l [60 



(102) 



- '^{hf^kiu + k2uki^)] mA2^ -2q ■ SuGl^g^^ 

Jtz — -^{Gm — GeYPIuPu 

m^(l — r) 

+ {Gm + GEy{Siz^P2u + SizuP2^i) + {Gm " G e)* {siz^iPlu + SizuPl^) 
-{Gm + GeY^Siz^Pi^ - SizuPlf,) - {Gm - GEy{siz^,P2iy - SlzyP2fM) 



where the symmetric leptonic tensor vanish when muhiphed with the antisymmetric part of 
hadronic tensor 



Lms)H;^^{s,z] 



[<1^9f^u - 2{k2^,kiy + k2uki^ 
xmA 
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o ^* 2q ■ siz{G M - G e)* „ 

Zq ■ SizUj^jg^j^y r— r PliM-Ty 



+ {Gm + GEY{sizf,P2v + SizyP2,Y) + {Gm - GEYi^izf^Piu + SlzuPl^,) 



(103) 
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and after multiplication we get 

L%{S)H^l{s,.) = 2q^mA^, 



+4mA 



27 



2g ■ suGlfki ■ k2 + 



m^(l — r 
Q ■ Siz{Gm — Ge)* 



m?{\ — t) 

-{Gm + GeY{siz ■k2P2-ki + su ■kiP2- ^2) 
- {Gm - GeY{siz ■k2Pi-ki + Si^ ■ ki pi ■ /ca) 



{pi ■ ki P ■ k2 + pi ■ k2 P ■ ki 



(104) 



Inserting Eqs. (165!) and (p7I) the following expression is obtained: 

= -q'A2,Gl,\l^il + cos' 



T 



(105) 



Substituting Eqs. (IT02l[T05il into Eq. (EHD, the final formula for is: 

P. 



2 
D 



\Gm\ cos6 — Re{A2'yGl 



M, 



T - 1 



1 + cos" 



(106) 



Transversally polarized electron beams lead to antinucleon polarization, which is a factor 
(me/m) smaller than in case of longitudinal polarization. 

The polarization component Pz vanishes when the proton is emitted at an angle 6 = 90° 
in the Born approximation. But the presence of the TPE term A2^ in the electromagnetic 
hadron current may lead to non-zero value of this quantity if the amplitude A2^{6 = 90") is 
not zero, since the value of this component is determined by the term ReA2^G*^. 



VII. SPIN CORRELATIONS 

Let us consider the case when the produced antinucleon and nucleon are both polarized. 
For convenience, let us write the vector part of the hadronic current in the following form 



u[,-pi, 



(107) 



where we introduce the following notation: 



G2 



Gm — Ge 
mil — t) 



(108) 
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which differs by sign for the corresponding Eqs. (128ll29p . Then, according to the definition, 



the hadronic tensor Hj^J is 



(109) 



= TrA{p2) [Gm7m + G2P>] A(-pi) [^,7. + G^P, 

1 r~ ] 1 r~ 

= Tr-{p2 + m)(l - 75S2) ^GMlf, + GaP^^J -(pi - m)(l - 75S1) ^Glj'j^ + G^P^ 

where A(p2)(A(— pi)) is the spin-density matrix of the nucleon (antinucleon). 

Retaining here the contribution proportional to the final particle polarizations we obtain 
for the hIiJ{si, S2) tensor the following expression 

1\ f 1 



Tr{p2 + m)75S2 Gm7m + ^^P^l (Pi - "^)75-5i GX/7i^ + G^Pi 



Tr{p2 + m)s2 -GAnf, + G2Pf, {pi+m)si Gljj^ + G^P^ 



(110) 



75 was eliminated using the following rules: 75 = 1 and 757^ + 7^75 = 0. So, the expression 
for this tensor can be written as 



S2) 



-Tr 
4 



G2P;,(ms2 +P2S2) - mGMS2lt, - GMP2S2I1, 
GlPuimsi + pisi) + mGljSiju + G*mPiSi% 



1111 



Only the terms with even number of gamma matrices do not vanish: 



S2) 



m'^\G2\^Pf,PuS2Si - mGMGlPyP2S2l^,h 



= -Tr 
4 

+ |G2|^P^P,.p2S2PiSi - mG'A/G;P^S27/.PiSi - m'^lGMl'^hlfMSilu 

+mGljG2P^,P2S2Sllt, + mGMG2Pf,S2PlSllf, - \GM?P2S2ltiPlSllv 
= m^|G2pP^Pi.Sl ■ S2 + \G2\'^Pf,Pu{pl ■ S1P2 ■ S2+P1- S2P2 ■ si-pi ■P2S1 ■ S2) 
- mGMGlPy{p2 ■ S2Si^ + P2 ■ SiS2t, - Si ■ S2P2M + Pi ■ ■5lS2^i + Si ■ 52^1^ - Pi ■ S2Si^) 



\GM?{Sif,S2v + S2^Si^ - Si ■ 525-^^) + mGljG2P^^{p2 ■ S2Su 



1, ^ 



P2 ■ SiS2u + Si ■ S2P2U+P1 ■ SiS2u - Si ■ S2PIU + Pi " S2Siu) - -\G m\ 



(112) 



where X^^ = Trp2S2jfj.piSi'yu (we calculate this trace separately). To simplify this expression 
let us remind that the four-vectors Sj^(i = 1, 2) satisfy to the conditions Pi ■ Si = p2 ■ S2 = 0. 
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Applying these relations we obtain 



g • si = (pi +P2) • si =pi • si +P2 • si =P2 • si, (113a) 

g • S2 = (Pl + P2) • S2 = Pl • S2 + P2 • S2 = Pi • S2- (I13b) 



Taking into account that 

Pn = ^(P2 - - Pi • P2 = 2m^(l - r) 

the expression for the Hju){si, S2) tensor can be written in the following form 
^i:H5i,52) = \G2\^P^PAq-Siq-S2 + 2m^{l-T)s,-S2] 

-m^|GM|^(si^S2i/ + Sit,S2^j, - Si ■ S2g,j.u) 

-mGMG*2P^{q ■ siS2m - ? • S2Si^ - 2si • S2-P|u) 

+mG*j^G2Pi^{q ■ S2S11/ - q ■ S1S21/ + 2si • S2P^) - ^\Gm\^X^^. (114) 
Let us calculate the X^,^ tensor, which can be written in the following form 

The trace of six gamma matrices can be written as 

Tnak^^-fm'Jn'y,^ = gikil^mnu} - gi^{kmnv} + gi^{kiiniy} - gin{k^imu} + gi^{kiimn}, 

where we introduce the notation {iklm} = ^.{gikgim - gugkm + gimgki)- So, the X^^, tensor 
becomes: 

^ni^ = P2 ■ S2{/imnz/}pi^si„ - {kmnu}p2i^S2kPimSin + Pi ■P2{knnv}s2kSin 

-Si ■ P2{kfJ,mi'}s2kPlm + {kfJ,mn}p2^S2kPlmSln 
= -p2/.4(pi • S2SI1/ + Pi • S1S21/ - Si • S2Pl^) + Pi • P24(S1;^S2^ + Si^S2^ - Si • 52^';,,.) 

-Si ■ P24(S2/.P1I/ + S2i/PlM - Pi • S2g^^l.) + P2t/4(s2MSl " Pi + Pl/^^l " ^2 " Sl/.Pl " S2) 
= 4 [pi • P2(Si^S2i. + SI1/S2M - Si • S25'^i/) - q • S2{Si,^P2u + S1i/P2m) + q ■ SiQ ■ S2g^,u 

-q ■ Sl{s2nPlu + S2uPlfi) + Si ■ S2{pinP2u + PluP2n)] ■ (115) 
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So, using the relations pi^ = qy/2 — P^, p2u = Ivl'^^ Pv, we have for the h\m){si, S2) tensor^ 

Hj^Jisi, S2) = \G2\'^Pf,Pu [q ■ siq ■ S2 + 2iv?{l - t)si ■ S2] - m^\GM\^{sl^,S2v + Si,,S2^ 

-si ■ S2g^,u) + 4msi ■ S2ReG2GljP^P^ + mq ■ SiiGiGliP^^Siy + GlGuPuSit,) 

-mq ■ Si{G2GljP^S2u + G*2GMPuS2fi) - \Gm\^ [Pl ■ P2{Si^S2u + SluS2f, 
-Si ■ S2g^,u) - q ■ S2{SiuPf, + Si^Py) + q ■ Si{s2uPfi + S2^,Pu) 

+ q - Siq- S2gf,u - 2si ■ SgP^^Pj • (116) 



Using the relation %l)aibj+'il)*ajhi = Retp{aibj+ajbi)+ilrmlj{aibj—ajbi) we can write Eq. flll6p 
in the following general form 

Hi,"J{si, S2) = Gig^^ + C2P^,Py + G-i{P^siu + P^si^) + Gi{P^S2r. + PyS2^,) 

+G^{Sif,S2u + SiyS2^,) + iGQ{Pf,Siy - PySi^) + iGj{Pf,S2u - PuS2fi)- (117) 

The structure functions Cj have the following form 
Gi = ^{q^si ■ S2 -2q ■ siq ■ S2)\Gm\^, 



Go 



r-1 



\tGm - Gspsi ■ S2 + -r^C^q ■ Siq ■ S2 - q^Si ■ S2)\Ge - Gm\ 



C3 = ReEi, G4 = ReE2, C5 



Si 
2 



Gm\\ a = ImEi, Gj = ImE2, 



El 



T- 1 



[tIGa/ P — GeG*m), E2 



q ■ si 
T - 1 



(118) 



Now let us calculate the hadronic tensor H^}{si, 82)- According to the definition one has 

i/»(si, S2) = J^;^Jl^> = uiP2h,iM-pi)A2jui-pi) [g;,7. + g;p,] u{p2) (ii9) 

= A2^Trk{p2)i^i^k{-pi) [Clnu + GIP, 

= -42^Tr^(p2 + "^)(1 - 75S2)7m75^(Pi - "i)(l - 75S1) Glilu + GlPy 

Retaining here the contribution proportional to the final particle polarizations we obtain for 
the Hji}{si, S2) tensor the following expression 

^ilHsi,S2) = (-^)(-^)A2^Tr(]32 + m)75S27M75(]5i -m)75Si Glj^^ + G^P^ 



-A2yTr{p2 + m)s27;,(pi - m)75Si 6*^/7/. + G^P^ 



(120) 



^ We omitted the terms proportional to or q^, since they do not contribute to the cross section and to 
the polarization observables due to the conservation of the leptonic current. 
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where the following properties were applied: 75527/^75 = — S2757/i75 = •527/^71 = S27jn and 
TrABC = TrBCA. Therefore: 

-f^S(«i>«2) = ^A2-yrr75 G\iSilv + G^PJi [-m^S27/x - "^P2S27m + "^^27mPi +P2S27mPi] 
= ^^277'r75 mGlP^^SihlnPi - SiP2S2l^i) - nn?G*Mhluhln + G*MhluP2S2lnPi 
= ^A2^{-Ai) mGlPu{< S1S2IIP1 > - < S1P2S2IJ. >) - m^G^ < 811/8211 >j 

+ ^^27^1,^, (121) 

where = Tr^^si^yP2S2l nPi- In order to calculate this trace let us write the following 
identity: 

So, one finds: 

= 7'r75Si7^P2S27MPl = 7''^757a7i^7/3S27/xPlSlaP2/3 

= 7'?^75 [5'a;.7/3 + 5'/3v7a " 5'a/37i^ + ^ < "'^/^P > 7p75] hi nPlSlaP2l} 

= rr75 [si,,p2 + P21/S1 - p2 • si7i/ + i < 81VP2P > 7p75] S27/iPi 

= -4i(si^ < P282IIP1 > +P2u < S182IIP1 > -P2 • Si < V82lJiPl >) 

-4i < S1VP2P > (s2pPiM + S2/.P1P - Pi ■ S25'p/.) 

= -4:i{8i^ < P282PP1 > +P2u < Si82lJ,Pl > -P2 ■ Si < V82lJiPl > +52^ < S1VP2P1 > 
< S1VP282 > -Pl ■ 82 < 81VP2IJL >). 

Then, the expression for the Hj^}{8i, 82) tensor can be written as 

H^^l{8i, 82) = -iA2-y -2mG*2Pu < P8182P > -m^G\^ < ixi'8182 > 

+G*M{-q • 81 < HV82P1 > -q- 82< piy8iP2 > < V8182P2 > 

+P2u < PS1S2P1 > +S2M < l^P2SlPl > < fip2S2Pl >)] 

= i^27 



2 

-{Gm - GeYPu < P8182P > +GM(m^ < pi/8182 > 



T- 1 

+q- 81 < IJLV82P1 > +q- 82 < IJt.v8ip2 > —pin < V8182P2 > 

-P2v < PS1S2P1 > -82^, < I/P2S1P1 > -8iu < PP2S2P1 >)] • (122) 

This tensor does not contain the terms proportional to AGm and AGe since it is proportional 
to the TPE term A2J (terms of the order of compared to the dominant (Born) terms 
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were neglected). The antisymmetrical parts of the H^j {si, S2) and Hj^l{si, S2) tensors (with 
respect to the /i and u indices) arise due to the fact that nucleon FFs in the TL region of 
the momentum transfer are complex quantities. 

A. Spin correlations: unpolarized electron beam 

Let us calculate the components of the polarization correlation tensor Pj^, (i, k = x,y,z), 
of the antinucleon and nucleon in presence of TPE mechanism. Let us consider firstly the 
case of unpolarized lepton beams. The contribution of the vector part of the hadronic current 
is determined by the following expression 

S^^\si,S2) = L^;}mj^Jisi,S2) 

= [-(fdpiu + 2(/ci^/c2i. + kivhf,)] [Cig^,u + CiPf^Py + C3(P^si^ + PySi^,) 

+Ci{P^S2u + PuS2^) + C^{Si^S2u + SiyS2fj) + iCQ{P^Siy — PySi^) 
+iC7{Pf,S2u - PuS2fi)] 

= -2q^Ci + (4P ■ /ciP ■ k2 - g'P')C2 + 2 [2(P • hsi -k^ + P- k^si ■ h) 
-q^P ■ Si] + 2 [2(P • kiS2 ■k2 + P- k2S2 ■ ki) - q^P ■ S2] C4 
+2 [2{si ■ kiS2 ■k2 + S2- kisi ■ ki) - q^Si ■ S2] C5. (123) 

Note that the convolution of the symmetrical lepton tensor and antisymmetrical parts of the 
hadronic tensor (with respect to /i and z/), which is proportional to the structure functions 
Cq and C7, is equal to zero. Let us give some necessary relations among the kinematical 
variables: 

P- Sl = -{P2 - Pi) ■ Si = -P2 ■ Si = -g ■ Si, 

P-S2 = ^{P2 - Pi) ■ S2 = -^Pi ■ S2 = ~q ■ S2, (124) 
1 1 

p2 = -{2m^ - 2pi ■P2) = ^ [2m2 - {q^ - 2m'^)] = 771^(1 - r), 

P . k2 + P ■ ki = P ■ {ki + ki) = P ■ q = ^{P2 - Pi) ■{p2+Pi) = 0^P-k2 = -P-ki 
With the help of relations fll24p . Eq. fll23p can be simplified, as: 

S^^^si, Si) = -2q'Ci - [4(P ■ ki)' + (1 - T)m'q^] C2 + [4P ■ kiSi ■ {k2 - ki) - q^q ■ Si] C3 
+ [4P ■ kiS2 ■ {k2 - ki) + q^q ■ S2] C4 

+2 [2{si ■ kiS2 ■k2 + si- k2S2 ■ ki) - q^si ■ S2] C5. (125) 
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Substituting the expressions flllSp for the structure functions Ci into Eq. (11251) one finds: 
2 



T - 1 

2g2 



+4 



r - 1 
P-ki 



tIGmI' - \Ge\'\ [4(P ■ + (1 - r)m'q'] ■ 

ReGM&E - \Gm?\ - [4(P ■ hf + (1 - r)m^q^] IGsl' ) q ■ s^q ■ 



T - 1 
2| 



[si ■ {k2 - ki)q ■ S2 - S2 ■ {k2 - ki)q ■ Si] 
-2q'\GM\\si ■ kiS2 ■k2 + si- k2S2 ■ ki). (126) 



The scalar products of various four-vectors in the chosen coordinate system is: 



P ■ ki = k ■ p = EpcosO, 4(P ■ kiY + (1 - r)m^g^ = -p^q^ sin^ 6*, r - 1 



PI 



q ■ si = 2Esio, q- S2 = 2Es2o, (h - ki) ■ si = 2k ■ si, {k2 - ki) ■ S2 = 2k ■ S2. 

The time and space components of the antinucleon (nucleon) polarization four-vectors 
Sifi{s2fi) can be related to the unit polarization vector C,i{C,2) in its rest frame. The fol- 
lowing relations hold: 

- ^ - c - P c P' ^^P -C -C c 

■510 — — V ■ ^1 — — Uz? -Si — U H TTT"; 7; — S\y — l;iy, Siz — — l;iz, 

m m m[L + m) m 



S20 



m 



-p-^2 



p 



^2z, S2 — ^2 . , 

m m[E + m 



P'^2P _ ^ _ ^ _ E 

S2x — ^2a;, S2y — ^2^5 S2z — — ^2z- 

m 



Then the different scalar products, including polarization four-vectors, are 



Sl ■ S2 — —^lx^2x — ^ly^2y — 



5 ^12^22, <? ■ Siq ■ S2 — ^12^22, 



m 



{k2 - ki) ■ Siq ■ S2 - {k2 - ki) ■ S2q ■ Si 



P 2 

g 

m 



(— cos 6*^22 - sin6'^2x ) 62 + ( — cos6'^i^ - sin 6*^1^. ) ^22 



(si ■ kiS2 ■ k2 + Sl - k2S2 ■ ki) = 

E 1 
sin' e^U2x - cos e sin 6- {^i,^2z + 6x^12) + — (p' + cos' 6) ^1.62 



m 
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— * — * 

Eq. fll26p can be expressed in terms of the polarization unit vectors ,^1 and ,^2 as: 



S^''\si,S2) = 2mVsin'^ t\Gm\''-\Ge\ 



E 

+Arn? — cos 6 



RcG j7;G*jy,j — \G 



AI\ 



sin^ 6'|G'Ar|'' \ q - siq ■ S2 



tIGmP - RcGeG*]^ [{k2 - h) ■ siq ■ S2 - {k2 - h) ■ Ssg ■ Si] 

-2^^1(5 AfP(Si ■ kiS2 ■k2 + Si- k2S2 ■ ki) 

-2m\^ sin^ e \r\GM? - \Ge?\ (6x6. + iiyi2y + ^^^^6.6 



2z 



RcGeGIj - \Gm\' + sin^ e\G2\' \ 6.6. 



—AmEq' cos 6 



E 



"I^Af 1^ — R&G eG 



M 



— cos e^2z - sin e^2x ] 62 
m 



+ — cos 9^iz - sin 9^1^ 6. 
m 



sin^ 9^i,^^2x - cos 9 sin 9— (6x6. + 6x6.) + ^(p^ + cos^ 9 ] 6.6. 



+q'\GM 

^i6x6x + ^26j/6j/ + ^36.6. + ^46x6. + ^56x62 



(127) 



where the coefficients Ai, (i = 1 — 5), are 

1 



\GE\' + r\G 



M\ 



Ai = — gSin^e 
2t 

A2 = \Um''9\\GE\''-T\GM\ 
It L 

A3 = — gSin^^ [(l + cos2 0)r|GAjp- IGijp 
2r L 



Aa = A, 



1 

7^ 



sin 6' cos 9ReGEG 



M- 
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Now let us consider the contribution of the axial part of the hadronic current. The contrac- 
tion of the unpolarized interference lepton tensor and interference hadronic tensor is 



L%mtl{s,.s2) 

—2i < iivkik2 > iA2j 



r - 1 



{Gm - GeTPu < yUSiS2P > 



+G\.j{m' < ^ivsiS2 > +q- Si < fii^S2Pi > +q ■ S2 < ^ii^Sip2 > 



2A 



Pl^ < US1S2P2 > -P2u < > -S2^ < VP2S1P1 > -Si^ < fip2S2Pl >)] 

2 

-{Gm - GeYBi + GIj {m'B2 + q ■ S1B3 + q ■ S2B4 



27 



T — 

+S5 + 56 + ^7 + ^8 



(129) 
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where we introduce the notations for the contractions of the tensors 

Bi — < iJ,Pkik2 >< iJ,SiS2P >, B2 =< ^vkik2 >< 11VS1S2 >, 

B3 — < fj,ukik2 >< fJ'l'S2Pl >, -B4 =< fJ'l'kik2 >< fJ'l'SiP2 >, 

B5 = < fj,pikik2 >< IJLS1S2P2 >, Bq = - < fj,p2kik2 >< H.S1S2P1 >, 

B-j = < iJ,S2kik2 >< AiP2SiPi >, Bs = - < iJ,Sikik2 >< /iP2S2Pi > ■ (130) 

Moreover 

Bq + Bq = B5- < iJ,p2kik2 >< A*siS2(g -P2) > 

= -B5- < IJ'P2klk2 > (< lJiSiS2q > - < lJiSiS2P2 >) 

= < ijLpikik2 >< HS1S2P2 > + < lJiP2kik2 >< HS1S2P2 > — < lJiP2kik2 >< HSiS2q > 
= < IJLS1S2P2 >< A*(pi +^2)^1^:2 > - < HP2kik2 >< ljLSiS2q > 

= - < iip2kik2 >< HSiS2q > . (131) 
The following relations are used to calculate the quantities Bf. 

< iii/ab >< /iiycd > — 2(a ■ db ■ c — a • cb • d), 

< fj^abc >< iidef > = a ■ d{b ■ fc ■ e — b ■ ec ■ f) + a ■ e{b ■ dc ■ f — b ■ fc ■ d) 

+a- f{b-ec-d-b-dc-e), (132) 

which results in 

Bi — P ■ si{P • kik2 • S2 — P ■ k2ki ■ S2) -\- P ■ S2{P • k2ki • Si — P • kik2 • Si) 

+P'^{ki ■ S2k2 ■ si - ki ■ Sik2 ■ S2), 
B2 = 2{ki ■ 52^2 • Si — ki- Sik2 ■ S2), B3 = 2{ki ■ pik2 ■ S2 — ki ■ 52^:2 • Pi), 

B4 = 2(/Ci ■ ^2^2 ■ Si-ki- Sik2 ■ P2), 

B5 + Be = -p2 ■ si{q- kik2 ■ S2 - q ■ k2ki ■ S2) - P2 ■ S2{q ■ k2ki ■ Si - q ■ kik2 ■ Si) 

-q ■ P2{kl ■ 52^2 ■ Si-ki- Sik2 ■ S2), 

B7 ^ P2- S2{pi ■ kik2 • Si - Pi • k2ki ■ si) + si • S2{ki ■ p2k2 -pi-pi- kik2 ■ P2) 

+Pi • S2(A:i • siA;2 • P2 - A;i • ^2^)2 • si), 
Bs = -P2 • si(pi • kik2 ■ S2-pi- k2ki ■ S2) - si ■ S2{ki ■ p2k2 -pi-pi- kik2 ■ P2) 

-Pi ■ si(ki ■ 52^2 ■P2-ki- P2k2 ■ S2) (133) 
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which can be further simphfied: 



Bi = P ■ kiq ■ siq ■ S2 + m^{l - r){ki ■ S2k2 ■ Si - ki ■ Sik2 ■ S2), 

B5 + Bq = -—q ■ Si{k2 - ki) ■ S2 - —{h ■ Ss/cs ■ Si-ki- Sik2 ■ S2), 

Bt = si- S2[{pi ■ k2f - {pi ■ kif] + q ■ 52(^1 ■ kiki ■ Si - pi ■ ^2^2 ■ Si), 



B. 



-q ■ si{ki ■ pik2 ■ S2-ki- S2P1 ■ /C2) - Si ■ S2[{pi ■ ^2)^ - {pi ■ h] 



(134) 



Therefore: 



m^S2 + q ■ S1B3 + q ■ S2B4 + B^ + Bq + B7 + Bq = 

= 2m^(l - T){ki ■ S2k2 ■ Si-ki- Sik2 ■ S2) + q - S2{pi ■ k2k2 ■ Si - pi ■ kiki ■ Si) 

+ g ■ ■ kik2 ■ S2-pi- k2ki ■ S2) - —q ■ Si{k2 - ki) ■ S2. (135) 



So, Eq. ([1291) for S^'\si,S2) takes the form 



^«(Si,S2)=4A 
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m G%{ki ■ S2k2 ■ Si-ki- Sik2 ■ S2) 



r- 1 



{Gm - Ge)*P ■ kiq ■ Siq ■ S2 

(136) 



where the following equalities were applied: 



q ■ S2k2 ■ Si - q ■ Siki ■ S2 = q ■ Sik2 ■ S2 - q ■ S2ki ■ Si, 

q ■ Siki ■ S2 - q ■ S2ki ■ Si = k2 ■ Siki ■ S2 - ki ■ S1/C2 ■ S2. 
Let us calculate the following relation: 

si ■ A;2S2 ■ ki- si- kiS2 ■ /c2 = 

{EsiQ + ksi){Es2o - ks2) - {Esiq - ksi){Es2o + ks2) = 2E{s2oksi - Sioksi) 

(137) 



2 

q p 
2 m 



— cos 9^1^ - sin 9^1 A ^2z + ( — cos 9^2z - sin 9^2x ] ^iz 
m I \m 



Then the contraction Eq. (11361) can be expressed in terms of the polarization unit vectors 
^1 and ^2 as follows 



S^'^isi. S2) = -4A27M' f-? sm9G*E{^U2z + 6x6.) +Ecos9Gl,^i,^2z 



(138) 



The part of the differential cross section proportional to the polarization correlation can be 
written as 

= llf [^'°'(^" + 2fleS<''(.., , (139) 
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where the factor 1/2 results from averaging over the positron polarizations. The factor 
corresponding to the average over the electron polarization states is already taken into 
account in the L^ii!u\o) tensors. Eq. (I139p can be written as a function of the polarization 
of the final hadrons as: 



[Pxxilx^2x + Pyy^ly^2y + Pzz^lz^2z + Pxzilxi2z + Pzx^lzC: 



dn 4 dn 

where the components of the polarization correlation tensor Pj^ are 
sin^ e 



2x\ 1 



tD 
sin^^ 



yy 



P. 



Prr 



tD 

1 



[r{\GM? + 2ReGMAGl,) + + 2ReGEAG%] 



Ge\'^ + 2ReGEAG*E - t{\Gm? + 2ReGMAGl 



M) \ ) 



[r(l + cos" e){\GM? + 2ReGMAGli) 



tD 

-sin^e{\GE? + 2ReGEAG*E)-4:^T{T -I) cos ORcGm A. 
sin 6' 
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[coseRe{GMG% + GmAG^ + GeAGI^) 



T- 1 



r 



-ReG E-^*2^ 



(140) 



;i4i) 



B. Spin correlations: longitudinally polarized electron beam 



Let us consider now the case of longitudinally polarized electron beam, while the positron 
beam is unpolarized. 

Then the contraction of the vector parts of the leptonic and hadronic tensors can be 
written as 

= 2iAe < fiiyqk2 > [Cig^^ + C2P^,Pu + C^iP^si^ + P^si^) + Ci{P^S2u + P^Sa^) 
+C5 

= -4Ae(C6 < Psiqk2 > +C7 < Ps2qk2 >), (142) 

where we took into account the fact that the contractions of the antisymmetrical leptonic 
tensor with the symmetrical parts of the hadronic tensor, which are proportional to the 
structure functions Ci — C5, vanish. 
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As an example, let us calculate the contraction < Paqk2 > where is an arbitrary 
four-vector: 

< Paqk2 > = 2E < PaAk2 >= -2EPi < ia4:k2 >= 2Ep < zaAk2 >= -2Epk2i < zaAi >= 
= 2Epki < zaAi >= -2EpEsm9 < zaAx >= 2E'^psm9 < zyAx > Uy 
= 2E^psmeay. (143) 

Using this result one can easily obtain that 

< Psiqk2 >= 2E^ psinO^iy, < Ps2qk2 > — 2E pshi6C,2y 

Substituting the expressions for the structure functions Cq and C7, Eq. flllSp : 

S'^^^Si, S2, Xe) = -4:XeP sin 6 — ——^ImGMGEiq ■ S2^ly - q ■ Si^2y) 

2 

= -2Kpsme^ImGMG*E{-2E^i^yi2z - 2^^6.6,) 
r — 1 m m 

= Ae sine^ImGMGl{i,yi2z + 6.6,)- (144) 



The contraction of the interference parts of the leptonic and hadronic tensors can be written 

as 

5»(3l,S2,Ae) = L»(Ae)if«(3i,S2) 

r 2 

= Ae [q^g^,u - 2{ki^k2u + ^11.^2^)] iA2-y yl^Af - Ge)*Pu < fJ'SiS2P > 

+G\j{m^ < /iz/siS2 > +g ■ si < ^jlvs2Pi > +q- S2 < fivsip2 > (145) 

-Pl^ < VS1S2P2 > -P2v < /iSiS2Pl > -S2^, < VP2S1P1 > -Si^ < IJ.P2S2P1 >) 

The contractions of the symmetrical unpolarized lepton tensor and antisymmetrical parts 
of the interference hadronic tensor are equal to zero. As a result we have 

S^'\si,S2,\e) = -^XeA2^!^:^{GM-GEy [-q^ < PS1S2P > +P ■ ki < k2S,S2P > 

+P-k2< kiSiS2P >] (146) 

+Gl,j [q^ < P1S1S2P2 > -2{pi ■ ki < k2SiS2P2 > +Pl ■ ^2 < kiSiS2P2 >) 

< P2S1S2P1 > -2{p2 ■ k2 < kiSiS2Pi > +P2 ■ ki < k2SiS2Pi >) 

< S2P2S1P1 > -2{ki ■ S2 < k2P2SiPi > +k2 ■ S2 < kip2Sipi >) 
+q^ < S1P2S2P1 > -2{k2 ■ si < kip2S2Pi > +ki ■ Si < k2P2S2Pi >) j- 
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The term < PS1S2P > vanishes, since it is the product of the antisymmetrical tensor e^,yprr 
and the symmetrical tensor Pp,Pv To simphfy this expression one can use the following 
property of < abed >: any permutation of the neighboring variables gives factor (—1), for 
example, < abed >= — < aebd >. Four terms, proportional to g^, are canceled out. Using 
the conservation of four-momenta in the reaction, ki + k2 = Pi + P2, one can prove that 
Pi ■ ki = P2 ■ k2 and pi ■ k2 = P2 ■ ki. Taking into account these relations, we can rewrite Eq. 
(11461) in the form: 

S2, Xe) = -tXeA2, ^^^^^ < ' k,)s,S2P > (G M " G e)* 

- 2GIj [pi ■ ki{< SiS2kiPi > + < SiS2k2P2 >) + Pi ■ /^2(< SiS2kiP2 > 
+ < SiS2k2Pl >) + ki ■ Si < S2k2P2Pl > +k2 ■ Si < S2kiP2Pl > 

+ k2 ■ S2 < SikiP2Pl > +ki ■ S2 < Sik2P2Pl >]|. (147) 

One can also obtain the following relations 



< S2kiP2Pl > 

< Sik2P2Pl > 

< SiS2kiP2 > 

< SiS2k2Pl > 

Therefore 



= < S2{q - k2)p2Pi > 

= < si{q- ki)p2Pi > 

= < SiS2(g - k2)p2 > 

= < siS2(g - ki)pi > 



= < S2qP2Pl > 

=< Siqp2Pi > 

= < SiS2qP2 > 

=< SiS2qpi > 



- < S2k2P2Pl > = 

- < SikiP2Pl > = 

- < SiS2k2P2 >, 

- < SiS2kiPi > . 



- < S2k2P2Pl >, 

- < SikiP2Pl >, 

(148) 



ki- Si < S2k2P2Pl > +k2 ■ Si < S2kiP2Pl > +k2 ■ S2 < SikiP2Pl > +ki ■ S2 < Sik2P2Pl > 

= {kl - k2) ■ Si < S2k2P2Pl > +ik2 - ki) ■ S2 < SikiP2Pl >, 
Pi ■ ki{< SiS2kiPi > + < SiS2k2P2 >) +Pl- k2{< SiS2kiP2 > + < SiS2k2Pl >) 

= Pi ■ ki{< SiS2kiPi > + < SiS2k2P2 >)+Pi- k2{< SiS2qP2 > 
- < SiS2k2P2 > + < SiS2qPl > - < SiS2kiPi >) 

= Pi ■ {kl - k2){< SiS2kiPi > + < SiS2k2P2 >)+Pi-k2< SiS2q{p2 + Pi) > 

= Pi ■ {kl - k2){< SiS2kipi > + < SiS2k2P2 >) + Pi ■ k2 < SiS2qq > 

= Pi ■ {kl - k2){< SiSikipi > + < SiS2k2P2 >)• (149) 
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Eq. ([HT]) for 5«( Si, S2, Ae) can be simplified to 

S2, Xe) = -lXeA2, [^^^T^ < ' h)s,S2P > (G M " G e)* 

-2Gm [Pl ■ ih - k2){< SiS2kiPi > + < SiS2k2P2 >) 

+ {ki - /ca) ■ Si < S2k2P2Pi > +{k2 - ki) ■ S2 < SikiP2Pi >]|. (150) 
The following equalities hold: 

< SikiP2Pi >=< Siki{q-pi)pi >=< Sikiqpi >=< qsikipi >, 

< S2k2P2Pi >=< S2k2{q-pi)pi >=< S2k2qpi >=< S2{q - ki)qpi >= - < qSikiPi > . 
It is convenient to calculate some auxiliary terms 

< qakipi > = 2E < Aakipi >= -2E < Aakii > pi = -2Ep < AakiZ > 

= 2Ep < Aaiz > h = -2EpEsm9 < Aaxz > 
= 2E^psm6 < Ayxz > ay = 2E'^p sin 9ay, 

< SiS2Pa > = aop{si^S2y - SiyS2x) - Pax{Sl0S2y - SiyS2o). (151) 

The last relation is obtained assuming that ay = 0. Other useful relations are: 

< 5152^1^1 > + < SiS2k2P2 > = < 5152^1^1 > + < SiS2{q - ki)p2 > 

=< SiS2qp2 > + < SiS2ki{pi -P2) >=< SiS2qp2 > +2 < SiS2Pki >, 

< SiS2qP2 >= 2E < SiS24p2 >= 2Ep < SiS24z >= 2Ep{siyS2x - SixS2y), 

< SiS2Pki >= Ep{sixS2y - SiyS2x) + pE SIB. 9{SioS2y - SiyS2o), 

< SiS2Pk2 >= Ep{SixS2y - SiyS2x) - pE siu 6^(51052^ - SiyS2o). (152) 

Inserting fll5iyi52p in ffWI) . one finds: 

S'W(Si,S2, Ae) = -iXeA2^f^2mpq^ sin 9 COS 9 {Gm - GEy{^ly^2z + ^lz^2y) 

- 2Gm Epq^ sin9 {— cos 9^2z - sin 9^2x ] ^ly + Epq^ sin9 {— cos 9^^ - sin 9^ix ] 6j/ 
I \m J \m J 

-p^q^— sin 9 cos 9 {^iy^2z + ^lz^2y) \ 

= -2iXePq'^ sin9A2^[E sin9Glj{^ix^2y + ^iy^2x) - mcos9G*j^{^iy^2z + ^iz^2y)] ■ (153) 

Then the part of the differential cross section, proportional to the polarization correlation 
and to the longitudinal polarization of the electron beam, can be written as 

^-^^^ = \^ [S'^'Ks., S2, A.) + 2ReS^Hsu S2, X.)] , (154) 
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where extra factor 1/2 comes from averaging only over the positron polarizations since the 
electron beam is polarized. 

The correlation polarization tensor, for the case of the longitudinally polarized electron 

beam, is defined as follows 

^ Y~d^ [-Pry^xG?; + Pyx^ly^2x + Pyz^ly^2z + Pzy^lz^2y] , (155) 

where the components of the polarization correlation tensor Pj^ are 



1 /r - 1 . 2 



Pxy ^Pyx^ ~Dy~T~^^^ OIuiGmAI^, 
Pzy — Pyz — "^„ /m((jM(jg + Gm^G*e ~ GgAG^ + 



+^^^ COS OGeAI^), 



(156) 



and we used the relation Re{iA) = ImA*. 

One can easily verify that the following relation holds: 

Pxx ~l~ Pyy ~l~ Pzz — 1- 

The components of the tensor describing the polarization correlations Pxx, Pyy, Pzz, Pxz, 
and Pzx are T-even observables, whereas the components Pxy, Pyx, Pyz, and Pzy are T-odd 
ones. 

In the Born approximation the expressions for the T-odd polarization correlations co- 
incide with the corresponding components of the polarization correlation tensor of baryon 
B and antibaryon B created by the one-photon-exchange mechanism in the e'^e~ — > BB 
process: Let us write explicitly these expressions: 

P _ ^i^'^r^ir |2 , |2i 

^xx — [T\LrM\ + J, 

Pyy = [l^g^ ~ t\Gm\'^], 

Pzz = -^[T{l+cosH)\GM\''-smH\GE\% 

Pxz — Pzx — y=^P£[GMG*^], 

y/TJJ 

P = P = 

^ xy ^ yx ^, 

Pzy = Pyz = \- I^{GmG*e). 
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1. 27 mechanism and double spin polarization coefficients 

The relative contribution of the interference terms (between one- and two-photon- 
exchange terms) in these observables will increase as the value becomes larger since 
it is expected that the TPE amphtudes decrease more slowly with q'^ compared with the 
nucleon FFs. 

At the reaction threshold, the polarization correlation tensor components have some 
specific properties: 

- All correlation coefficients (both T-odd and T-even) do not depend on the function 

- In the Born approximation the Pyy observable is zero, but the presence of the TPE term 
leads to a non-zero value, determined by the quantity 2Re{GE^G% — Gm^G%[). 

- At the scattering angle 6 = 90° the relation Pyy + P^z = holds. 

- The Pxy and Py^ observables are zero, and Pyz and P^y observables are determined by 
the TPE term only, namely by the quantity ImGMi^GE — A.Gm)*- 

VIII. CONCLUSIONS 

A detailed model independent derivation of experimental observables in e"^-|-e~ — > N + N 
is given here with a specific pedagogical aim toward students at PhD level. 

The present analysis is also a guideline for the experimental investigation of the TL 
nucleon FFs planned in near future at Laboratories where electron and positron beams are 
available. 

The short bibliography given below contains more discussion and results, based on similar 
ideas and formalism can be found, for this reaction and all crossed reactions as well. A wide 

literature exist on this subject, since the first studies, in the fifties. The reader is invited to 
consult references contained in the quoted paper, to access other related works, experimental 
or theoretical. 

This formalism has been extended to spin one hadrons. 
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